CSE 2320Notes 16: Shortest Paths
(Last updaed 4/14/08 7:20 PM)

16 A. CONCEPTS
Sedgewick 21.1
Input

Directed graph with non-negative edgeweights (stored as adj. matrix for Floyd-Warshal)
Dijkstra Bsource vertex

Output

Dijkstrabtree tha gives a shortest path from source to each vertex )
Floyd-Warshdl bshortest path between each par of vertices (Qll-parsQ as matrix

16B. DIKSTRAG ALGORITHM Dthree versions
Sedgewick 21.2
Similar to Prim@MST:
S = verticeswhos shortest pah is known (initialy jus the source)

Length of pah
Predecessor (vertex) on pah (AKA shortest path tree)

T = vertices whose shortest pah isnotknown
Each phase movesa T vertex to S by virtue of tha vertex having the shortest path amongall T vertices.
Third version may beviewed as being BFS with the FIFO queuereplaced by apriority queue
1. OMemorylessOPOnly saves shortest path tree and current patition. (dijkstraMemoryless.c

Place desired sourcevertex x! VinS

T =V b{x}

x.distance=0

x.pred = (-1)

whileT" #
Findtheedge(s, t) overal t! Tandals! Swith minimumvauefor s.distance + weight(s, t)

(i.e. scan adj. list for each s)

t.distance = s.distance + weight(s, t)
t.pred=s
T =T b{t}
S=S8$ {t}



Since no subdantial data structures are used, this takes " EV) time.
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2. MaintainsT-table that provides the predecessor vertex in S for each vertext! T to give theshortest
possible pah throughStot. (dijkstraTable. c)

Eliminates scanning al S adjacency listsin every phase, but still scansthelist of thelast vertex moved
fromTto S

Place desired source vertex x! VinS
T =V b{x}
x.distance=0
x.pred = (-1)
foreacht! T
Initialize t.distance with weight of (x, t) (or %if non-existent) andt.pred = x
whileT" #
Scan T entriesto find vertex t with minimum valuefor t.distance
T=Tb{t}
S=S8$ {t}
for each vertex x in adjacency list of t (i.e. (t, X))
if x! Tandt.distance + weight(t, X) < x.distance
x.distance = t.distance + weight(t, x)
X.pred =t



Andysis.

Initializing the T-table takes & (V).
Scansof T-table entries contribute &(Vz).
Traversals of adjacency lists contribute & (E).

" %2 + Ef overal worst-case.

3. Replace T-table by aheap. (dijkstraHeap.| ava, minHeap.java )

Thetime for updaing distances and predecessors increases, but thetime for selection of the next vertex
to movefromT to Simproves.

Place desired sourcevertex x! Vin$S
T =V b{x}
x.distance=0
x.pred = (-1)
foreacht! T
Initialize T-heap with weight (as the priority) of (x, t) (or %if nonexistent) andt.pred = x
BuiLD-MIN-HEAPR(T-heap)
whileT" #
Use HEAP-EXTRACT-MIN to obtain T-heap entry with minimumt.distance
T=Tb{t}
S=S8$ {t}
for each vertex x in adjacency list of t (i.e. (t, X))
if x! Tandt.distance + weight(t, x) < x.distance
x.distance = t.distance + weight(t, x)
x.pred =t
MIN-HEAP-DECREASE-KEY (T-heap)

Andysis.
Initializing the T-heap takes & (V).
Total cod for HEAP-EXTRACT-MINS IS &(V log V).
Traversals of adjacency lists and MIN-HEAP-DECREASE-KEY S contribute & (E log V).
" (ElogV) overall worst-case, sinceE > V.

Which versionisthefagest?

Theory Spase (E=" (V)) Dense %E =" gﬁrsz

1. " (EV) "2 "3
2. "2+ Ef @(VZ) @(VZ)

3. " (ElogV) " (ViogV) " gvzlogv[g



16.C. FLOYD-WARSHALL ALGORITHM
Sedgewick 193,213

Based on adjacency matrices. Will examinethree versions
Warshd|@ Algorithm DAfter &(VS) preprocessing, processes each path existence quey in &(1) time.

Warshdl@ Algorithm with Successors (or predecessors or trandtive vertices) - After &(Vs)
preprocessing, provides a path in respons to apath existence quey in' (V) time.

Floyd-Warshdl Algorithm (with Successors) - After &(VS) preprocessing, provides each shortest path in
" (V) time.

Warshd|@ Algorithm:

for (j=0; j<V; j++)
for (i=0; i<V; i++)

it (ALI][T)
for (k=0; k<V; k++)
if (A[]IKI)
Ali] [K]=1;
o K_
i 1 T
] 1
Q 0 1 2 3 4
1
(3) ) 1 1

@ @

0
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3
4

If zero-edgepahsare useful for an application (i.e. reflexive, self-loop9, thediagond may beall ones.



Why doesit work?
a. Correct in use of trangtivity.

b. Isit complete?

When Paths That Can Be Detected
Before j=0 x(y
After j=0 x( 0(Cy
After j=1 x( 1( vy
x(0(C 1(Cy
x(1(C 0(Cy
After j=2 x( 2(y
x(0(C 2(y
x(1( 2(Cy
x(2( 0(Cy
x(2( 1(Cy
x(0(C 1( 2(y
x(0(C 2( 1(Cy
x(1(C 0(C 2(y
x(1( 2 0Cy
x(2(0(C 1(Cy
x(2(1C0(Cy
After j=p x ( Permutationof subst of OE p( vy
After j=V-1 ALL PATHS

Math. Indudion:

Perm of subset




Warshdl® Algorithm with Successors
Successor Matrix

7-11 directions

(20)
10C »( 20 »( 37 »(20C
O / O/
succ[100][200  succ[20][200 succ[37][200
=20 =37 =200

Initidize:

Cr——(r) = succiiiviey

(-1 otherwise

Warshdl Matrix Updae:

succi][j] = A succfj][k] = B succli][k] =7

(0) 0 1 2 3 4
0 3
(3) ) 1 3 4
2 1
5 3 2
4

for (j=0; j<V; j++)
for (i=0; i<V; i++)

if (s[il[il = ( -1))
for (k=0; k<V; k++)
if ( isuccli][K]== - 1) && succ[j][k]!=( -1))
succli][k] = succ]i][j I;
Suppo codefin boX isremoved for this graph:
(9} (1)

@



Complete Example (warshall.c ) saving pahsusng successors:

-1 -1 -1 3 -1 -1 -1 -1 3 -1
-1 -1 -1 3 4 -1 -1 -1 3 4
-1 1 -1 -1 -1 -1 1 -1 1 1
-1 -1 2 -1 -1 -1 2 2 2 2
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 3 -1 -1 3 3 3 3

-1 -1 -1 3 4 -1 3 3 3 4

-1 1 -1 -1 -1 -1 1111

-1 -1 2 -1 -1 -1 2 2 2 2

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 3 -1 -1 3 3 3 3

-1 -1 -1 3 4 -1 3 3 3 4

-1 1 -1 1 1 -1 1111

-1 -1 2 -1 -1 -1 2 2 2 2

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
Other waysto save pah information:

Predecessors (war shal | Pred. c) Trangtive/lntermediate/Column (war shal | Col . ¢)

for (j=0;j<n;j++)
for (i=0; i<n;i++)
if (pred(i][i]'=( -1))
for (k=0;k<n;k++)
if (pred[i][K]==( - 1) && pred[j][K]'=( -1))
pred[i][k]=pred[j][K];



Floyd-Warshdl Algorithm (with Successors)

After j = p has been processed, the shortest path from each x to each y tha usesonly verticesin0...p
asintermediate verticesis recorded in matrix.

for (j=0; j<V; j++)
for (i=0; i<V; i++)
if (dist[i][j] < 999)
for (k=0; k<V; k++)
{
newDist = dist[i][j] + dist[j][K];
if (new Dist < dist[i][K])

dist[i][K] = newDist;
succli][k] = succli][j];
}
}

0 3 4
0 5
1 5 1
2 1
31 10
4
999 0 11 1 2 999 3 5 4\999 0 11 12 21 2 2
999 0 999 1 52 1 3 999 4 999 0 999 1 5 2 1 3 6 2
999 0 999 1 999 2 999 3 1 4 999 0 999 1 999 2 999 3 14
1 0999 1 999 2 999 3 10 4 \ 10 2 0 2 0 30 30
999 0 999 1 999 2 999 3 999 4 999 0 999 1 999 2 999 3 999 4
999 0 11 1 2 999 3 5 4 31 11 12 21 2 2
999 0 999 1 52 1 3 999 4\ 2 3 3 3 3 3 1 3 4 3
999 0 999 1 999 2 999 3 1 4 999 0 999 1 999 2 999 3 14
10 20 2 0 999 3 6 0 10 2 0 2 0 30 30
999 0 999 1 999 2 999 3 999 4 999 0 999 1 999 2 999 3 999 4
999 0 11 12 21 5 4 31 11 12 21 2 2
999 0 999 1 52 1 3 999 4 2 3 3 3 3 3 1 3 4 3
999 0 999 1 999 2 999 3 1 4\999 0 999 1 999 2 999 3 14
10 20 20 30 6 0 10 2 0 2 0 30 30
999 0 999 1 999 2 999 3 999 4 999 0 999 1 999 2 999 3 999 4

Note: Inthisexample, zero-edgepahsare not considered.



