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This tutorial discusses Householder reduction of n linear equations to a triangular
form which can be solved by back substitution. The main strength of the method is its
unconditional numerical stability. We explain how Householder reduction can be
derived from elementary-matrix algebra. The method is illustrated by a numerical
example and a Pascal procedure. We assume that the reader has a general knowledge
of vector and matrix algebra but is less familiar with linear transformation of a vector
space.

Categories and Subject Descriptors: G.1.3 [Numerical Analysis]: Numerical Linear
Algebra—linear systems (direct methods)

General Terms: Algorithms

Additional Key Words and Phrases: Householder reduction

INTRODUCTION

The solution of linear equations is impor-
tant in many areas of science and engi-
neering [Kreyszig 1988]. This tutorial
discusses Householder reduction of n
linear equations to a triangular form that
can be solved by back substitution
[Householder 1958; Press et al. 1989].
The main strength of the method is its
unconditional numerical stability. Text
books on numerical analysis often pro-
duce Householder reduction like a rabbit
from a magician’s top hat. We will ex-
plain how the method can be derived
from elementary matrix algebra. The
method is illustrated by a numerical ex-
ample and a Pascal procedure.

We assume that the reader has a
general knowledge of vector and matrix
algebra but is less familiar with linear
transformation of a vector space.

We begin by looking at Gaussian
elimination.

1. GAUSSIAN ELIMINATION

The classical method for solving a system
of linear equations is Gaussian elimina-
tion. Suppose we have three linear equa-
tions with three unknowns x,, x,, x5:

2x, +2x, +4x; =18
xy +3xy —2x4 =1

3x, + xy +3x; = 14.
First, we eliminate x; from the second
equation by subtracting 3 of the first
equation from the second one. Then, we
eliminate x, from the third equation by
subtracting £ of the first equation from
the third one. Now, we have three equa-
tions in which x; occurs in the first
equation only:

2%, +2x9 +4x; =18
-8
—13.

2x, —4x, =

il

—2x, — 3x4
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Finally, we eliminate x, from the third
equation by adding the second equation
to the third one. The equations have now
been reduced to a triangular form that
has the same solution as the original
equations but is easier to solve:

2x, +2x, +4x; =18

-8
—21.

2x, —4dx5 =

I

The triangular equations are solved by
back substitution. From the third equa-
tion we immediately have x; = 3. By
substituting this value in the second
equation, we find x, = 2. Substituting
these two values in the first equation we
obtain x; = 1.

In general we have n linear equations
with n unknowns

apx; tayx, +

Ao1Xx7 + Aggxy +

a, X, +a,,%9 +

The o’s and b’s are known real numbers.
The x’s are the unknowns we must find.

The equation system (1) can be ex-
pressed as a vector equation

Ax =b (2)
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where A is an n X n matrix,

Q11 Qyg Ay

Ay Qa9 Qgp
A= . : .

a’nl an? ann

while x and b are n-dimensional column

vectors

The equation system has a unique solu-
tion only if the matrix A is nonsingular
as defined in the Appendix.

Gaussian elimination reduces Eq. (2)
to an equivalent form

Ux =c¢

where U is an n X n upper triangular
matrix

Uyp Uy Uyn

0 uy Uap
= .

0 0 u

with all zeros below the main diagonal.
The elimination process replaces the
original righthand side & by another n-
dimensional column vector c.

The scaling of equationg is a source of
numerical errors in Gaussian elimina-
tion. To eliminate the first unknown x,
from, say, the second equation, we sub-
tract the first equation multiplied by
@y /ay; from the second equation. How-
ever, if the pivot element a,, is very
small, the scaling factor a,, /a,, becomes
very large, and we may end up subtract-
ing very large reals from very small
ones. This makes the results highly
inaccurate.



























