Theoretical Computer Science Cheat Sheet

Definitions Series
f(n) =0(g(n)) iff 3 positive ¢, ng such that n n n 9 5
0 < f(n) < cg(n) ¥n > no. ;- nntl) 2o+ DCn+1) gt 1)
< f(n) <cg(n) 2 Mo ;z 2 , ;z 6 , ;z 7] .
f(n) = Q(g(n)) iff 3 positive ¢, no such that = ) = =
f(n) > cg(n) >0 Vn >ny. | 0 seneral i
fm)=0(gm) | i f) = O(gm) and | D™= "7 [<n+ D™ =1=3 (G +D™ =i = (m 4 1)i7)
() = Rg(m). = =
T - 1 &K (m+1
n) = o(g(n iff lim, oo f(n n) =0. m = _ = Bynmt1-k.
1(n) = olg(m)) S ) /9(n) > m+1kzo< / ) o
lim a, =a iff Ye € R, Jng such that ! ) .
N300 Geometric series:
lan, — a| < €, Vn > ng. " g 0o 1 0
i_ - i i_  C
sup S least b € R such that b > s, ZCZ 1’ c#1, Zc_l—c’ 20—1_07 c<1,
Vs e S. =0 =0 i=1
n n+2 _ n+1 ©0 .
inf S greatest b € R such that b < Zic": ne (n+lgc +c’ c#1, Zic’ = € 5, ¢<lLl
s,VseS. =0 (c=1) i=0 1-9
lim inf a,, lim inf{a; | i > n,i € N}. Harmonic series: "y n ) )
n—oo n—oo —_
| ' | | A Zz'Hizn(n+ )Hn_n(n4 )
117131_>sol<1)p an nh_)rréo sup{a; | i > n,i € N}. =i = 2
— , & " (i +1 1
() Combinations: Size k sub- H; = (n+1)H, —n, (Z )Hz = (n ) (Hn+1 - —) .
sets of a size n set. zzzl ,—21 m m+ 1 m+ 1
(7] Stirling numbers (1st kind): n n! " /n n n n
Arrangements of an n ele- L. (k) ~ (n—k)& 2 Z (k) =25 3. (k) - (n—k)’
ment set into k cycles. k=0
4 n\ nfn-1 5 n\y (n-1 n—1
{7} Stirling numbers (2nd kind): “\k) T E\k-1) “\k) k E—1)’
PatrFlilor,::s of an nt eler:ent 6 (M) (™) _ () (" k , Z rk\ _ (r+n+1
set into k non-empty sets. A ) Lk i)\ — 1) 2 & = n ,
) 1st order Eulerian numbers: "o +1 n +
Permutations w75 . .. T, on 8. Z( ) (" )7 9. Z (T>( 5 ) - (T 8>,
{1,2,...,n} with k ascents. ko \" m+1 k=0 kj\n—k n
k—n-1
9 2nd order Eulerian numbers. 10. (Z) = (—l)k( Z ), 11. {le} = {Z} =1,
Ch Catlan Numbers: Binary n n n—1 n—1
. . — 9on—1 _ —
trees with n + 1 vertices. 12. {2}_2 1, 13. {k} k{ 1 }+{k—1}’
n n n n n
. =(n-1)! . =(n-1)'H, 1, . =1, . > ,
14 [1] (n—1), 15 [2] (n—1)\H,_, 16 [n] 1 17 [k}_{k}
n n—1 n—1 n n n " n 1 2n
18. —(n-1 19. - - 20. —nl, 21.C,= —— ,
o o[RS e =L 6) e Bl a5 ()
n n n n n n— -1
m () =( ) w (el ) (O e (" (2L,
0\ 1 ifk=0, n\ _on n\ _an . (n+1
25. <k> = {0 R 26 (7 )=2"-n—1, 27. (L) =3"—(m+12"+ ("),
" /n\ (z+Fk n L (n+1 & n " /n k
28. 2" = 29. = 1-k)"(-1 .m! =
o= (000 G (et sm{D =51 (0(, )

31.

(
.

o {2 =2 ()77 (1m0 (O -5

:Ié{Z}(”;k) (—1)r—h=mp, 32. <<g>> =1, 33. <<Z > =0 forn#0,
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Identities Cont. Trees
n+1] n] [k ~=[k] nok 'n 1]k | = /n\[z+k Every tree with n
) ) XA R It TGN
2. {1 n\ [ k+1 (=1yn* 4 | ™ _Z n+1] (k% (1)t edges. '
lmf k) m+1 ’ T lm| E+1]\m ’ Kraft inequal-
k m k m ity: If the depths
4. {m+n+1}zzk{n+k ’ 43. [m+n+1]:Zk( +k)["+k], of the leaves of
mn k=0 k m =0 k a binary tree are
1 di,...,dy:
ad. (”)zz{” }[’“](—1)’”’2 45 (n_mn(")=Z[”“]{k}(—1)m—k, forn>m,| "
m - k+1)|m m k kE+1]|lm 22—(1 <1,
n m—n\/m+n\|[m+k n m—n\/m+n\[m+k i=1
46. = 47. =
P £ 31 [ e 1 o R W B 1 e [ E0e 91 Ko | IOV
n {+m kl(n—k)(n n {+m kl[n—Fk](n only if every in-
L8 VR (G B 91 133 S {1 R PR A B 91 S [ eien
k k sons.
ecurrences

aster method:

(n)=a (n/b)+ f(n), a>1b 1
If 3¢ 0 such that f(n) = O(n )
then

(n) =0O(n ).
If f(n) =0O(n ) then
(n) =0(n log, n).
If 3¢ Osuchthat f(n)=Qn  *),

and Je < 1 such that af(n/b) < cf(n)
for large n, then

(n) = O(f(n)).

Substitution (e ample): Consider the
following recurrence

2
%

2
i1 =2 , 1=2.

Note that ; is always a power of two.
et ; =log, ;. Then we have
i1 =2"+2; 1=1

et ; = ;/2'. Dividing both sides of
the previous equation by 2°*! we get

i1 2° i
9i+1 — 9i+l | 9i°
Substituting we find
i1 =3+ i 1 =12,

which is simply ; = /2. So we find
that ; has the closed form ; = 2?2 .
Summing factors (e ample): Consider
the following recurrence

i:3n2+n) 1="n.

ewrite so that all terms involving
are on the left side
i—3 n2=mn

Now e pand the recurrence, and choose
a factor which makes the left side tele-
scope

1( (n)=3 (n/2)=n)
3( (/2) =3 (n/4) =n/2)

3
3

"H@-3 (1)=2)
" (1)-0=1)

Summing the left side we get
ming the right side we get

(n). Sum-

n

>

i=0

Y
53.

et c = % and m = log, n. Then we have

Ui |
n ; ¢ =n o )
=2n(c ¢ "-1)
=2n(c & "-1)
=2on*t —2n  2nt —2n,

where k = (log, 2)~!. ull history recur-

rences can often be changed to limited his-
tory ones (e ample): Consider the follow-
ing recurrence

i—1
=0

Note that

o=1.

i
i+1 =1+ Z .
=0
Subtracting we find

K3
i+l — i:1+z
—0

i—1

_1_2

=0

s

And so i+l = 2 i = 2i+1.

Generating functions:

1. ultiply both sides of the equa-
tion by 2.
2. Sum both sides over all i for
which the equation is valid.
3. Choose a generating function
(z). sually (z)= 2, 2"
3. ewrite the equation in terms of
the generating function (z).
4. Solve for (z).
. The coe cient of ¢ in () is g;.
E ample:
gi+1 =2g;i+1, go=0.

ultiply and sum:

D ginzt =) 2g2' + > 4t
i 0 i 0 i 0

e choose (z) = , ,z'. ewrite
in terms of (z):
(z) — go _ i
— = 2 (z)+ Z z".
i 0
Simplify:
(z) _ 1
s 2 (z)+ T
Solve for (z):
() = et
1—-2z)(1-2z)

E pand this using partial fractions:

2 1
(w)_x<1—2$_1—x)
=z QZQixi—in
i 0 i 0
=) (@ — 1)zt
i 0

So g; = 2! — 1.
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r 3141 2.12, 0. 21, =1 161 03, =1= 6103
i 2t ; General Probability
1 2 2 Bernoulli Numbers (B; =0, odd i # 1): Continuous distributions: If
— __1 _1 __1
2 4 3 Bo=1,B1=—3 B2=" B =—3, Pra< <b= (z)da,
s B =45 = D=~ _ e
4 16 Change of base, quadratic formula: ther}f is the probability density function of
52 1 log o= 82 b B e Pr <a= (),
6 64 13 o8 @ then is the distribution function of . If
12 1 Euler s number and both e ist then
26 1 =143+ i+ +mpt
r n (a) = (z) dz.
12 23 lim 1+2% = .
10 1.024 9 "_;‘x;l n - E pectation: If  is discrete
’ I+4) < <(1+4 i
11 2,04 31 (1+3) (1: ) ) Eg( ) =) g@Pr =uz.
12 4,0 6 3 1+ 9" = —— -0(=).
’ (1+3) 2n + 24n? <n3) If continuous then
13 1 2 41 Harmonic numbers: * *
14 16,3 4 43 L3 12 13 33 1 13 Bg( ) = 90) @de="_ g(@)d ()
72> > 12> 07 20°10°20°220° . Lo
1 32, 6 4 ariance, standard deviation:
16 6, 36 3 Inn < H, <lnn+1, A = >-E 7
1 131,0 2 1 =
H,=Inn+ +O<—>. = A
1 262,144 61 n Basics:
1 24,2 6 actorial, Stirling s appro imation: Pr =Pr 4+Pr —Pr
20 1,04 , 6 1 12 2 120 20 00 032032 0 ... Pr Pr Pr ,
21 2,0 ,12 3 n 1 iff and are independent.
22 4,1 4,304 nl = %@) (1 +®(ﬁ>)‘ .
23 3,60 3 Ackermann s function and inverse: PrB
24 16, 216 2 i—1 E =E E ,
2 33, 4,432 a(i, )= a(i—1,2) =1 iff and are independent.
26 6,10 , 64 101 a(i —1,a(i, —1)) i, >2 E + =E +E ,
2 134,21 , 2 103 (i) =min{ |a(, )>1}. Ec =cE
26 43 4 6 10 Binomial distribution: Bayes theorem:
36, 0, 12 10 Pr :k:(n> k ook 1o Pr B = nPrB| ; Pr
30 | 1,03, 41, 24 113 k 1 1 —Pr PrB
n Inclusion-e clusion:
31 | 2,14 4 364 12 - =Zk:1k(n> konk _ . ¢
32 | 424,626 131 k Pr i =Y Pr o+
- Poisson distribution: im1 Pt
Pascal s Triangle ~ ok
Pr =k = —— E = n k
1 K S (=nEt ST P ;
11 Normal (Gaussian) distribution: k=1 i i =1
121 (z) = 21_ _ 9 E _ oment inequalities: ,
1331 . Pr[| [> E ]<-,
14641 The coupon collector : e are given a
random coupon each day, and there are n P > < 1
1 1010 1 : s r -E 2 <5
different types of coupons. The distribu-
161 201 61 tion of coupons is uniform. The e pected Geometric distribution:
1 213 3 21 1 number of days to pass before we to col- Pr =k = %1 =1-,
1 2 6062 1 lect all n types is - _ik e 1
1 36 4126126 436 1 nHp. = '

1104 1202102 22101204 101
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Trigonometry atrices ore Trig.
ultiplication: C
n
C= B, c; = Z a; kbk - b a
b (cos ,sin ) k=1
c Determinants: det =0iff is non-singular. B
c
¢ o det B =det detB, aw of cosines:
n 2 _ 2,32
B det = Z sign(m)a; ;- ¢® =a“+b*—2abcosC.
Pythagorean theorem: =1 Area:
c?= 24 PB2 2 2and3 3 determinant:
iy a b =56
Definitions: d - ad — be, T
. = 5absinC,
sina= /C, cosa=B/C, b ) . B
a c sin  si
csca=C/ , seca=C/B, d b ¢ a ¢  .a b - ¢sm Sy
. f =g f - d f +1 d 2sinC
sina cosa B i .
tana = = —, cota = — = — g Heron s formula:
cosa B sina ai+bfg+cd
Area, radius of inscribed circle: —cg—f a—ibd. = s s s s,
B
1 . 1
1 p - Permanents: s=z(a+b+c
> 77 +B+C n 2 )
_ s =s—a
Identities: perm = Z i - ’
1 i=1 s =s—0b,
sing = cosx = ; ; _
csex’ secx’ Hyperbolic unctions s =s—ec.
tanz = , sin®? z + cos’z = 1, Definitions: ore identities:
cot T b - h + 1—cosz
. . . . sinhz = —— coshr = ——— S
1+ tan?z = sec? z, 1+ cot?z = csc? «, 2 12 ’ Sin 3 = 5
tanhz = —— cschx =
sinz = cos (3 — ), sinz = sin(m — z), i}- -7 sin{lm’ cos 5 = 1+cosa:’
sechx = , cothx = . 2
cosx = — cos(m — x), tanz = cot (5 — ) , coshz tanh " 1—cosz
n;= -————
Identities: 2 1+ cosz’
cotz = — cot(m — x), cscx = cot 5 — cot z, 1- cosz
cosh? z —sinh?z =1, tanh® z 4+ sech®z = 1, = —
sin(zx ) =sinzcos  coszsin , sin
coth®? z —csch® z = 1, sinh(—z) = —sinh z, _ _smzr
cos(r ) = coszcos sinzsin 1+cosx’
cosh(—z) = cosh z, tanh(—z) = — tanhz, T
tanz tan 1+ cosz
tan(z ) = . . . coty = T/ —,
1 tanztan sinh(z + ) =sinhzcosh + coshzsinh 1—cosz
cotzcot 1 L +cosz
cot(z = — cosh(z + ) = coshzcosh + sinhzsinh ==
( ) cotz cot ’ ( ) ’ sin T
2tanzx : 9 sinz
sin 2z = 2sinz cosx, sin2x = ————, sinh 2z = 2sinhz cosh , =,
1+ tan®z ) ) 1—cosz
cos 2z = cos’ x — sin’ z, cos2z =2cos’x — 1, cosh 2z = cosh” 7 + sinh” z, sing = -
. . 24 ’
. 1—tan’z coshz + sinhx = coshz —sinhx = ) )
cos2z =1—2sin’z, cos2x:ﬁ, ’ ’ by
+tan® @ (coshz + sinh )" = coshnz + sinhnz, ne€ | cosT = 2 ’
oy _ _2tanz 5 _cot’z—1 i _ o—i
tan 2z = "9 COL2T = = otz | 2sinh® 5 =coshz—1, 2cosh’; =coshz+1.| tanz = —i— e
sin(z + )sin(z — ) =sin’z —sin? | 2% _q
sin  cos tan ... in mathematics T
— — 2 —q] 2 _
cos(z + )cos(zx — ) = cos®z — sin 0 o0 1 0 you don.t under ' sinhiz
) 1 3 3 stand things, you sing = —
Euler s equation: - 5 - - ¢ et d t i
i = +isinz i =1 3 3 sb geb used to cosz = coshiz
cosT ’ : - £ 32 1 them. - ’
c¢1 4 by Steve Seiden 3 1 = . von Neumann _ tanhix
Y 3 2 2 3 tang = ——.
5 1 0
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Number Theory

Graph Theory

The Chinese remainder theorem: Theree -
ists a number C such that:

C r; modmy

C r, modm,

if m; and m are relatively prime for i # .

Euler s function:  (z) is the number of
positive integers less than x relatively
prime to . If [, , is the prime fac-
torization of x th%n

(@)= ;i1

i=1

Euler s theorem: If a and b are relatively
prime then

1 a mod b.

ermat s theorem:
1 a 'mod

The Euclidean algorithm: if ¢ b are in-
tegers then

ged(a, b) = ged(a mod b, b).

If 7, , is the prime factorization of =
then
n +1 1

S(x):Zd: ’7_1
d i=1

Perfect Numbers: z is an even perfect num-
ber iff z = 2"71(2" —1) and 2" —1 is prime.
ilson s theorem: n is a prime iff

(n—1)! —1modn.
obius inversion:
1 if i =1.
(i) = 0 if 4 is not square-free.
~ (-=1) if 4 is the product of
r distinct primes.
It
@=> (@,
d
then a
@=Y @ &
d
Prime numbers:
Inlnn
an=nlnn+nlnlnn—-—n+n
Inn

+O(L>,
Inn

(n)—i-l- n_ . 2ln
= (Inn)2  (Inn)3

+O<<lnr;> )

Definitions: Notation:
An edge connecting a ver- () Edge set
te to itself. () erte set
Each edge has a direction. ¢( )  Number of components
Graph with no loops or S Induced subgraph
multi-edges. deg( ) Degree of
A sequence ¢ 1 1... . () a imum degree
A walk with distinct edges. () 1nimum degree
A trail with distinct ( ) Chromatic number
vertices. () Edge chromatic number
A graph where there e ists Complement graph
a path between any two n Complete graph
vertices. n n Complete bipartite graph
A ma imal connected r(k, ) amsey number
subgraph. Geometry
A connec_ted acyclic graph. Pro ective coordinates: triples
A tree with no root.
. . (z, , ),notall z, and =zero.
Directed acyclic graph.
Graph with a trail visiting (z, , )=(cz,c ,c) Ve#O.
each edge e actly once. Cartesian Pro ective
Graph with a path visiting (z, ) (z, ,1)
each verte e actly once. =mz+b (m,—1,b)
A set of edges whose re- r=c (1,0, —c)
moval increases the num- Distance formula, and o
ber of components. metric:
A Ir.linimal cut. (z1 — 20)2 + (21 — 20)2,
A size 1 cut. 1
A graph connected with (1 —xo| + |21 —xo| ],
the 'removal of any k — 1 lim [|371 — 20| + |21 — 20| ]1
vertices. —00
VS ,S # we have Area of triangle (zo, o), (21, 1)
E c( —8)<|S| and (z2, 2):
A graph where all vertices Lapg T1=%0 17 0
have degree k. 2 Ta—To 2— o0
A kregular  spanning Angle formed by three points:
subgraph.
A set of edges, no two of
which are ad a(.:ent. (@1, 1) (@, 2)
A set of vertices, all of cos = Tt
which are ad acent. . .
¢ ine through two points (xq, o)
A set of vertices, none of ]
. ’ and (z1, 1):
which are ad acent. )
A set of vertices which r
Io 0 1 =0.
cover all edges. - 1
A graph which can be em- ot
beded in the plane. Area of circle, volume of sphere:
An embedding of a planar = mr?, = 57”“3-
graph.
Z deg( ) = 2m.
If ispl h - =2
is planar then n —m + f = 2, so If T have seen farther than others,
f<2n—4, m<3n-6 it is because I have stood on the

Any planar graph has a verte with de-
gree <

shoulders of giants.
Issac Newton
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T Calculus
allis identity: Derivatives:
22414
=2 1733 - g o) 4 p, W+ ) _d 4 g ) _ 4 4
B ) i ed fracti _ " odr  dx’ Y odx  dx dx’ " ode  dx o dx’
rouncker s continued fraction e pansion:
12 LU ad A/ ()= () g A ), 4
_=1+2+73 T odx x’ o odx 2 ’ Y odx dz’
S — d(c ) d din ) 1d
. =1 — . = ——
G : 4 dx (Ince dz’ 8 dx dz’
regrory s series: (sin ) & p
_=1-141_1_1_ d(sin cos .
3 . = ll 10. = —sin —
' 9 e 0S e 0 e sin g
Newton s series: d(t ) p d(cot )
11. an ) _ sec®> —, 12. © =csc? —,
1 + 1 + 13 n dz dz dz d
2 2328 24 2
13 d(sec ) ¢ d 14 d(csc ) . d
Sharp s series: C T gp o ran sec o C T gp . cotoese oo
d i 1 d d -1 d
o 1 1 n A1 1 N 15. (arcsin ) _ o4 16. (arccos ) 1 4
3 31 3 3 33 dz 1— 2dx dz 1— 2dzx
Euler s series: 17, d(arctan ) _ 1 d 18. d(arccot ) _ -1 d
dx 1- 2dz’ dx 1— 2dz’
—=f+ytgy+tt+t+ 19 d(arcsec ) 1 d 20 dlarcesc ) -1 d_
_=1L+3L+L+L+L+ ) dz 1— 2dz’ ) dx - 1— 2dx’
_ 1 _ 1,1 _ 1,1 d(sinh ) d d(cosh ) .
=1 2tz ——t+t—— 21. ——~ =cosh — 22. ———% =sinh —
-1 2 73 I cosh —-, I sinh —,
Partial ractions h h
- 23. d(tanh ) =sech? —, 24. M = — csch? d—,
et (z) and (x) be polynomial func- dz d dz dz
tions of . e can break down d(sech d d(csch d
(r)/ (z) using partial fraction e pan- 25. % = —sech tanh P 26. % = —csch  coth iz’
sion. irst, if the degree of  is greater )
than or equal to the degree of , divide 27. dlarcsinh ) 1 d_ 28. d(arccosh ) 1 d
by , obtaining dz 1+ 2dx’ dz 2 _1dz’
(z) (z) d(arctanh ) 1 d d(arccoth ) 1 d
= (Z’) + ) 29. = - . = I
(z) (z) 9 dx 1— 2dz’ 30 dx 2 _1dz’
where the degree of  is less than that of 31 d(arcsech ) -1 d 32 d(arccsch ) -1 d
. Second, factor (z). se the follow- ) dx T 1Z 2ds’ : dx Tl 1+ 2 dr’
ing rules: or a non-repeated factor: Integrals:
@ __ @
(r—a) (z) 2z-a (z) 1. cdz=c dz, 2. ( + )dz= dx + dz,
where .
N C) ) 3. z'dr= " n#£-1, 4. —dr=Inuz, 5. dr =
@) _ ntl
or a repeated factor: 6. do  _ arctan o 7. d dr = — d_dx
m-1 1+ 22 ’ dx dz
@ 5 @
— - _ g m—k )
(@—a)™ () k=0 (@ —a)m () 8. sinxdr = —cosz, 9. cosxdzx =sinz,
where .
L= 1|d (z) ) 10. tanzdz = —In|cosz|, 11. cotzdz =In|cosz|,
k! | da* () /]| _
The reasonable man adapts himself to the 12. seczdr =In|secz + tanz|, 13. csczdr =1In|cscz + cot x|,
world the unreasonable persists in trying
to adapt the world to himself. Therefore 14. arcsin—dr = arcsin—- + a2-—22, a O,
all progress depends on the unreasonable.
George Bernard Shaw
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Calculus Cont.

15.

17.

19.

21.

23.

25.

26.

29.

33.

36.

38.

39.

40.

42.

43.

46.

48.

50.

52.

54.

56.

58.

60.

arccos -dx = arccos- — a2 —122, a O,

sin?(az)dz = & (az — sin(az) cos(az)),

sec? zdzx = tanz,

son—1
. sin rzcosx mn-—1 o
sin" xdr = — sin" 2z dz,
n n
tan™ ! z _
tan"rdr = —— —  tan"Zxdr, n#1,
n—1
tanzsec” 'z n—2 _
sec” x dr = sec” ?xdr, n#l,
n—1 n—1
-1
cotzesc"tx n—2 _
cscxdr = — csc" 2 xdr, n#l,
n—1 n—1

tanhz dz = In|coshz|, 30.
sinh® z do = L sinh(2z) — iz, 34.

arcsinh —dz = rarcsinh- — 22 +a2, a O,

z : .
zarccosh— — 2 + a2, if arccosh -
arccosh —dx = g
zarccosh— + 22 + a2,
a
dx -
———=In 24+ a®>+2%2 , a O,
a? + x2
dx
——— = tarctan-, a O,
a’>+zx
(a® — 2°)% %2de = —( a® — 22%) a? — 22 + 32— arcsin -,
dx dx
=arcsin—, a 0, 44. -
a?—x a? -z
a? 2?2dr=5 a® 22 shnz+ a? 2%,
dx 1 T
—_=—In ———
ax2+br a a+br’
a+ bx

dr =2 a+br+a

————d,
T Tz a+bx

7 _ 2 7 _ .2
a® —x a+ a°—x
dr= a®—-22—-aln ———
x x
22 a? —22de = —(22° — a®) a? — 22 + — arcsin -,
zdz -
—_— = — a2—m2,
2 — 22
a? + z? SR a+ a?+z?
—————dr= a’+2>—aln ,
x x
z z2 cszaL‘:%(ar:2 a®)? 2,

cothz dz = In|sinhz|, 31.

a

16.  arctan-dz = rarctan - — 5 In(a® + 2%), a O,
18.  cos’(az)dr = 3~ (az + sin(az) cos(az)),
20. csc’zdr = —cotzx,
cos"lzsinz n-—1
22. cos"zdx = cos" 2z dz,
n n
cot" 1z
24. cot"zdx = -1 " cot"?xdr, n#l1,
n—
27. sinhxzdr =coshz, 28. coshxzdz = sinhz,

sech z dr = arctansinh z, 32.

cosh® zdz = Lsinh(2z) + iz,

cschzdr =In tanh 5 ,

35. sech’zdz = tanhz,

37.  arctanh —dz = zarctanh - + 5 In|a”® — 2°|,

Oanda O,

if arccosh— <0 and a 0,

41. a? —z?der =5 a? —2?+ arcsin—, a 0,
0,
1
__na+;c’ 45. A da:A __ z
2a a-—=z (a2 —22)32 42 g2 — 42
d -
47. v =lnz+ 22-a2, a O,
22 — a2
_ 2(3bx — 2 bx)3 2
49. <z a+bzdzr = (3be — 2a)(a + ba) ,
1 b2
1 br— a
51. ? dr=—=In ator f, a 0,
a+bz 2 a+br+ a
53. =z a®>—22dz= —%(a2 —2?)% 2
0, - dx 1 OF a2—a:2’
a2 — 22 x
2% dz —_—
T 2—p24 in —
57. = 2 a® — r* + — arcsin a 0,
2 2 -
59. L z2 —a? —aarccos—, a 0,
x
d
61. 7$7=11n i

5 .
z 224 a? a+ a2+ x2
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Calculus Cont.

inite Calculus

d d 2 2
62. ? =larccos—, a O, 63. u - ¥ a ,
z x2— a? 2 22 a? a’z
Z 2, 2)3 2
6. ¥ __ 7 & 65. L Py @Ha)T
x2  a? z 3a223
1 2 — b —4ac
A axr +b b ac Ui dac,
66 dz _ b2 —4ac 2azx+b+ b2 —4ac
" ar’+br+c 2az + b
——— arctan ——, if b < 4ac,
dac — b2 4ac — b2
1 - Y 4. .
g —aln 200 +b+2 a ar?+br+c, ifa O,
z
ar +bw+c _arcsinj, lfa/<0,
—a b? — 4ac
—_—— 2 b —————  4dax —b? d
68. ar? + bxr + cdr = ar + az? + bz +c+ 22 mi,
azx? +bx +c
69 zdz _ a*+br+c b dz
) azx? +bxr +c a 2a arz +bzr+c
-1, 2 ¢ ax?2+br+c+bx+2c .
d —1In , ife 0,
c z
70- —mi =
z ar?+br+c 1 . bx + 2¢ .
— arcsin ————— if c<O,
—c |z| b2 —4dac’
7. 2® 22+4a’de = (32° - 2a°)(a® +a%)° 7,
72.  z"sin(az)dr = —1z" cos(ax) + & " ' cos(ax) dr,
73.  z"cos(ax)dr = Laz"sin(ax) — 2 2" 'sin(az) du,
xn
74. 2™ dr= —n gl oy,
a
In(azx) 1
75. "1 de = 2™F
n(az) dz (n+1 (n+1)2>
gt m
76. z"(lnaz)™dx = i (Inax) it (Inaz)™ ' dz
zl = Tt = zt
r? = 2+ 2t = z? -zt
z3 = 22 + 322 + oL = z® — 322 + !
T = -+ 622 + 22+ ol = r —6z°+ 2?2 —g!
r = 2-+12-+2 22+1022 + 22 = z—-—12 +2 2% —102% + 2!
z! = z! zl = z!
z? = 22 + ! 72 = z? — !
z® = 2% + 322 + 22! z2 = x® — 322 + 201
r = z +62° + 1122 + 62! - = r —62% + 1122 — 62!
z = x +10z +3 23+ 022+ 242! z-= x —10z +3 2% — 0z% + 242!

Difference, shift operators:
fl@)=flz+1) -
E f(z) = f(z +1).
undamental Theorem:

f@= ()
3 f(x)

Differences:
(c)=c ,
()=
(xﬂ) =nr= -,

-1

™ ==,
c T=—,
alling actorial Powers:
2=x(zx-1) (x—m
%=1,
1

D> fl@) z=
=3 16)

f(@),

T,

-1

(x)+C.

— x=H ,

(m) =

+1),

=
(x+1)

M — 2™ (p — m)Z.

T
ising actorial Powers:
" =zxz+1) (z+m
2 = 1,
_ 1

n

(@ +nl)’

_1)7

C(x—-1) (-
gt = ™ (z +m)™.
Conversion:

(1) (—=2)" =
=1/(z+1)7",

2" = (=1)"(—z)* =
=1/(z—1)=2

= (x—m

(x+m

Inf)’

+1)"

1)z

(my1)-

n 0,

n <0,

n 0,

n <0,
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Series
Taylor s series: rdinary power series:
(z —a)? 2 (z —a)? o0 )
f@)=f@+@-af@+=—F—f @+ =3 “—"f"(0 () = air’
E pansions: =0 . ' .
1 o E ponential power series:
— =l+z+2’+23+o + =>4, >, gi
i=0 () = Z @iy
1 _ 2,2, 3.3 _ i =0
1—cx =ltcrt o+’ + - Zc T Dirichlet power series:
=0 oo
1 A Sl N G
— =1+a"+2?" + 2% + => am, (@)=2
- i=0 =1
z ) R i ) Binomial theorem:
 ——— =x+2z°+3z° +4z + = iz’ n
(1 -2y i=0 (x+ )" = Z (n) gk ok,
k ar 1 n .2 7.3 n = P k=0 b
e \1 -2 =42 4370 44+ = i Difference of like powers:
=0
) i n—1
=1+w+%w2+lx3+ zzﬂj’_w "= "= (z— )an—l—k k.
=0 v k=0
>0 ) 4 or ordinary power series:
In(1+z) =z—izi+ 2% -1z - = Z(—l)’“%, o
. =1 ) (z) + B(z) = Z( a;+ bz’
lnl_x =z+iri+ 128+ 1z + :Z%, z:oo
1.3, 1 1 =, o p2itl ot (w) = Zai*kxi’
. _ _ ; -
sinz =r—zr°+ 2T —=x + —Z(—l) Qi - i=0 .
=0 ) () = -y @iz’
19 ) ) ; m2z .Z'k = Za,_km ;
Cos T =l—-gz°+-0 — =3 + :Z(—l) W’ i—0
i=0 ) o,
1 1.3 1 L i ; a2t (cx) = Zczai$z7
tan™" =zr—zr’+x — iz + =) (-1)'— i—0
3 ’ %
P (20 +1) -
oo 3 .
; i = i+ Dajp12’,
(14 2)" —14ng+ 00 nn=l o _ Z (?)w’, (z) ;( + Daj1x
=0 oo
1 " = (i+n\ L N B
S T s ()=t
=0 =
oo ; o0
z _ 1 1 1 _ B;z* _ ai-1 ;
1 =1-32+ 52> — 552 + —2 T (w)dw—; P
= =
1 N 1 (28 )+ (—z el .
51— 1-4z) =1+z+22>+ 2%+ =Zi+1<i>x’, @+ (=) 5 ( )zzam%,
=0 =
1 =1+ +2z% + 623 + = i 2 't () = (-2) _ < 2i+1
1—4x =\ ’ — 5 = Zazz‘ﬂﬂ?
1 1- T—4z\" < (% +n\ _ =0
— ( 5 ) =14+ 2+n)z+ (12?2 + = Z ( i )mz’ Summation: If b; = '_;a; then
=0
1 1 > ) B(z)=—— (z
o n g =z+ 32+ 88+ Lo + :ZHi;c’, (@) 1- (@)
-z -z =1 Convolution:
1 1y’ 1,2,3,3 . 11 — H; 17 o0 i
i(lnl—x> =3+’ +r + :2 P (x)B(m):Z Zabif 3
. e~ i=0 =0
ﬁ :$+$2+2$3+3$ + :Z i.'L'i,
= i=0 God made the natural numbers
nT e ST _ i i all the rest is the work of man.
1—( pe1 4+ ng1)z — (—1)722 " an an e eopold Kronecker
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Series Escher s Knot
E pansions: .
(1 — m)n—i—l 1—2 - p n+i n i ) x B =0 n ’
= = [n N (i) nlzt
d ZZM% _— :Z{n} A
i=0 i=0
1 \" >[4 nla . (—4)i By
1 = _ t =
(nl—a:> ;[n] il ’ veore ; (20)! 7
. 221(221 _ 1)B2i$2z—1 1
tan =) (-1)! - , () = —
Z,:ZI (24)! z:zl i
T X ey S0
(z) i1 i (z) - ,
1
(z) = 11— — Stielt es Integration
=0 If is continuous in the interval a,b and is nondecreasing then
d(i
2 _ —
(x) = ; i Where dn) = ,,.1, @) d ()
oo . .
S ts. If a < b < ¢ th
@) -1 = afj) where S(n) = ,.d, | © =TSR
S @d @)= @d @+ @d @
2
(2n) = T)!nwm, n €N, If the integrals involved e ist
z =3 (—pyr W= DB (@+H@)d @)= (@d @)+ H@)d @),
sinz — (20)! ’
1— T—4z\" _in(2i+n—1)! ; (z)d( (z)+ H(z)) = (z)d (=) + (z) dH (z),
2% & T imral
o o ¢ @d (@)= (@dec @)=c (@d (@),
3 — X3
sinx = Zl T»’U >
= (@)d ()= (b) ()= (a) (a)- (z)d ().
1- 1-=z > (44)! . . . .
- - - = Z S el T, If the integrals involved e ist,and possesses a derivative  at every]
z =160 2(2i)!(2i +1)! point in a,b then
arcsinz - 4%12 Y
= —_— %, d = dz.
( x ) ; (i+1)(2z’+1)!m (@)d () () (z)do
Crammer s ule ibonacci Numbers
If we have equations ° ' :e P
we : 11 2 03 2 3
a1 1Z1 + a1 2T + + a1 nTn = b1 o 22 s s 1,1,2,3, , ,13,21,34, , ,...
a2 171 + a2 222 + 4 a2 nTn = by 133 2 02 1 Definitions:
3 02 1 13 2 i= i1t i—2, o= 1=1,
1 3 2 12 30 _i= (=171,
Ap1T1 + Ap 2T +  + Ay n Ty = by 3 12 23 0 1 o ; i
. 1 23 0 1 2 3 T - ’
et = (a; ) and B bg th(? column matri (b;). Then 01 33 3 10 Cassini s identity: for i 0:
there is a unique solution iff det # 0. et ; be 5 3 L 20 31 9 ;
with column ¢ replaced by B. Then i1 i1 — o= (1)
T; = det The ibonacci number system: Additive rule:
det Every integer n has a unique ntk = k n+l T k=1 n,
representation m= n ntlt+ n-i n-

Improvement makes strait roads, but the crooked
roads without Improvement, are roads of Genius.
illiam Blake (The arriage of Heaven and Hell)

n= r + ¢+ + k,
where k; > k;y1 + 2 for all ¢,

1<i<mandk, >2.

Calculation by matrices:

n2  a-1)_ (0 1\"
n—1 n N 1 1 )




