CSE 5311Notes 3: Amortized Analysis
(Last updaed 5/20/08 8:51 PM)
ProBLEM: Worst case for asingle opeationistoo pessimistic for anadyzing a sequence of opaations
EXAMPLES
1. Stack opaationswith Qnultiple popO
Usud push forasingleentry - ! (1)
Multi-popfor k entries - ! (K)
Sequence of n opeaationstakes! (n) time.
2. Queueimplemented with two lists (in afundiond languaye)
List1 List 2 Enqueue At head of list 2
l l Dequaue if list 1isempty
1 6 whilelist 2 notempty
Remove head of list 2

5 Insert ashead of list 1
5 Removehead of list 1
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3. Incementing a counter repetitively by 1 (CLRS, p. 408)
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ANALYSIS
1. Aggregae Method

Yactual cost _ Y ¢j

# of operations n = € =amortized cos




2. Accouning Method - For any sequence 3 q# 3 Cj
i=1 =l
Chargemore for early opeationsin sequence to pay for later opeaations
Consde queuewith 2 lists:
Each item istoudhed 3 times
Charge 2 for enquaue
Charge 1 for dequaue
Each iteminlist 2 hasacredit of 1. Credit isconsumed in dequeuewith empty list 1.
3. Potential Method - Preferred method
Conaept:
Genealizes accouning method.
Tediousfor initial designe, buthides details for others.
Map entire state of data structure to a potential. Captures QiifficultyOof future opeations
Assuming a sequence of opaations

c; =actual cost ofth operation

& =amortized cost oth operation

Dj+1 =data structure state befatle operatiol
D; =data structure state aftiéhh operation

& =cj+#(D;)" #(Di"1)

Total amortized cod for asequenceis:
n_ n n
3§ = 3(ci +®(Dj) - (Dj-1)) = Sci +P(Dn) - (Do)
i=1 i=1 i=1

Book: Multipopstack (* = # of items on stack)

Binary counter (" =# of low-order ones)

Defining” isthehard part.



BINARY TREE TRAVERSALS - Slighty more involved than previousexamples
Observation: Treetraversal ontree with n nodes requires 2n - 2 edges QouchesO
Opeations INIT: Findsfirst nodein traversal

¢ =0

Succ(x): Findssuccessor of x

§ =2for2" i" n(nexits tree
Need" forinorder, pogorder, and preorder

Example: For INIT for inorder, mug stop at a.

c1=2¢ =0and§ =cy+" (D) #" (Do)
0=2+" (D) #0

Succ(a) =b Succ(b) =c

cp =16 =2and& =cp+" (D2)#" (Dy) c3 =163 =2,and €3 =c3+" (D3)#" (D2)
2=1+" (Do) # (#2) 2=1+" (D3)##D)




Succ(c) =d

cq4 =38 =2andéy =c4 + P(Dg) - (D3)
2=3+d(Dyg)-0

For INIT for pogorder, mug stop at a. Succ(a) =b

c; =2, =0,and & =c +" (Dy)#" (D) cp =1E =2,and & =cp +" (Do) #" (Dy)
0=2+" (D})#0 2=1+" (Dy) #(#2)




Succ(b)=d Succ(d) =f

c3=4,83=2andé3=c3z+" (D3)#" (Do) ca =28 =2andéy =cq +" (Dg)#" (D3)
2=4+" (D3)#(#1) 2=2+" (Dg)#(#9)

For preorder (not shown): rank, r(x), of nodex isr(root) = 0, r(x# left) =r(x) + 1, r(x# right) =r(x) + 1

Asde If nonneggaiverankdpotential are desired (e.g. for inorder and podorder),
then make r(root) = Dg = height of tree (or number of nodes if heightis unknown).

APPLICATION OF POTENTIAL FUNCTION METHOD THIS SEMESTER. . .

Comparison of online MTF lists to an (unknown) optimal strategy (Notes 4)

Splay trees (Notes 5)

Fibonacci trees - apriority queueto improveagorithms such as Prim@ and Dijkstra@ (Notes 7)
Unionfind trees (Notes 8) - notdetailed

Push-relabd methodsfor minflows (Notes 12) - nat detailed

KMP string search (Notes 15) - easy



