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Wha istheoptimal way to organize a static list for searching?

1. By decreasing access probability - optimal static/fixed ordering
2. Key order - if misseswill be GrequentQ i.e. binary search.
Other Congderations

1. Access probabilities may change(or may beunknown).

2. Set of keys may change

These lead to the pursuit of dynanically optimal (online) daa structures whose behavior iswithin a
congant factor of an optimal (offline) strategy for adapting.

Online- mug process each request before the next request is revealed.

Offline- knows the entire sequence of requests before any processing.

CONCEPTS OF SELF-ORGANIZING LINEAR SEARCH
Have list adgpt to give better paformance.
Advantages:

Simple to code

Convenient for situaionswith relatively small # of elements that does not jugify more elaborate
mechanism.

Useful for some user interfaces.
Access Distributions
Uniform - Theoretically convenient
80-20 (or 90-10) Rule
n

,Hn= n

Zipf - nitems, P; :%
k=1

1



Since distribution may be unknown or changing, we are dealing with
Locality (temporary heavy accesses)
VS.
Conveagence (obtaining optimal ordering)
Implementation Approaches
Move-to-front (goodlocality)
Trangpose (Slow to convage Alternaing request anomaly.)
Count- Number of accessesis stored in each record (or use CLRS problem 5-1).
Sort recordsin decreasing countorder.

Move-ahead-k: more aggressive than trangpose

ANALYSIS APPROACHES
Markov Modd (iterative solver available on course webpage solList.c )
Permutation of list « state
Opeationonlist < trangtionwith probability
Andysis.
1. System of linear equaions=> probability of beingin each state
2. Probability of each state = expected # of probes for retrieval

Move-to-frontonlist with 2 elements and Zipf@




1. Findprobabilitiesfor beingin each of thetwo states.
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Can gengadlizeto get large sparse system of equaionsfor any n and any distribution. Congder n=3.

1. Findprobabilitiesfor beingin each of the 3!=6 states.
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to obtain the probability of being in each of the six states
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2. Expected # of probes =
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Rivest obtained closed form for move-to-front

Expected # of probes =1+ # ﬁ
p p - 2 n n PI +Pj
1"1"n
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For uniform probabilities (all B = %), theclosed form gives:
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(For Zipf@, gives 40% more probes than optimal static ordering.)

COUNT vs. OPTIMAL FIXED ORDER

1. Suppozal elementsare equally likely (uniform distribution).
Q. Worst case sequance?
A. Rotate requests such that last list element is always requested.
Q. Compare expected nunmber of probes per request.

A. Countusesn probes

Optimal fixed uses nT"'l probes Count=2 -+ Optimal - 1

2. Suppoe P " Pb" P3"L " P

Suppo= total number of requestsis m:

mR" mMB" mPB3"L " mK,

Q. Worst case sequence?

A. Example: m=1000n=4 P;=04 P,=0.3 P3=0.2 P,=0.1
400 300 200 100
300 200 100 0
200 100 0 0

100 0 0 0



1. Perform mnR, requests cycling amongall n elements (n probes each).
2. Perform m(n" 1)(Py1" Py) requests cyclingamongn - 1 elements (n - 1 probes each).

3. Perform m(n" 2)(Py" 2" Py1) requests cyclingamongn - 2 elements (n - 2 probes each).

Q. Compare expected nunmber of probes per request.

n
A. Optimal fixed has expected probes= " iR

i=1

Countuses twice the expected nunmber of probes as the optimal fixed order in theworst case,
so Countis statically optimal:
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Countis notdynamically optimal.

MoOVE-TO-FRONT (MTF) ONLINE STRATEGY VS. OPTIMAL OFFLINE STRATEGY
Key Differences:
MTF is given requests oneat-a-time and thusapplies an bvioudonline strategy
1) Go down thelist to therequested item
2) Bringit to thefront of the list
OPT is given theentire sequence of accesses (e.g. offline) before any searching or adjusments

are applied. (Thereisnochargefor thecomputation to determinetheactions This Qobot
schedulingOproblem is NP-hard [1].)



For arequest, thefollowing GnoddsOthe cog of the processing tha occurs
1) Go down thelist to therequested item (charge 1 unit per item examined)
2) Optiondly, bring requested item closer to thefront of thelist (no charge, GreeQ
3) Optiondly, perform QpaidOtranspostionson adjacent elements (charge 1 unit each)
From amortized complexity:

q =ci+" ()#" (i#1)

m m
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If * (m)#" (0) is never negativethen an upper bound o € is an upper bound of c;.
i=1 i=1

Potential Fundion Used to Compare Two Strategies:

To simplify theandysis, assume both strategies start with same list. Thelists may differ while
processing the sequence.

Thepotentia (®) isthenunmber of inversionsin theMTF list with respect to the OPT list. (i.e.
countthe number of parswhose order is differentin thetwo lists.)

2,3,4,5 1and3,5,4,1, 2 have5inversions
Defining @ this way gives ®(0) =0and ®(i) = 0,0 " (m)#" (0) is never negativ.

To compae MTF to OPT (withoutdetailing OPT), theamortized cog (€§) of each MTF opeétionis
bounde by theactud cog of thecorresponding OPT opeaation.

Before processing ACCESS to some X

1 k n
MTF
W[+ |[WE] [E| + [EW]|
OWest: OEast
1 j n
OPT X

W[+ |EW]| |E| + WE]|



W = Items QvestOof X in both lists E = Items GeastOof X in both lists
WE = Itemswest of X in MTF, but east of X in OPT

EW = ltems east of X in MTF, butwest of X in OPT

Observations
W]+ |EW|+ 1 =] ) From OPT diagram
k=|W|+|WE|+1 From MTF diagram

k-1-|WE|=|W| (i)  Algebraon previousstep
k- |WE| + [EW| =] Add (i) and (ii), then simplify
k-|WE|=<] From previousstep and fact tha |EW|= 0
Amortized cos of ACCESS of X (by MTF)
Search + |W| new invesions- |WE| log inversions
k + (k-1-|WE)) - |WEF = 2k-WE)-1 =< 2j-1
BUT, OPT list dso changes (butdetails are not needed)

1 k n
MTE | X|

k-1 moved rigk

1 ] n
OPT <X

f free trangpositions
p paid transpositions
Actud cog of OPT =j +p

CCorrectionCto A in @ < -f for log inversions+ p for new inversions



So, after accessing and updding both lists, the amortized cog of MTF ACCESS is
€ <k+k-1-|WE|-|WE|-f+p=<2j-1-f+p=<2j-1+2p<20PT-1

m m
Based on the obervation that an upper bound ofi § is an upper bound oh ¢j , MTF isdynanically

i=1 i=1
optimal.

[1]  C. Amb¥Yhl, GDfflineList Updaeis NP-HardQ Lecture Notes in Conputer Sdence 1879
Springe-Verlag, 200Q



