CSE 5311Notes 8: Digoint Sets
(Last updded 6/12/08 5:54 AM)
CLRS, Chapter 21
(CSE 2320Notes 1 and Sedgewick@ Algorithms in C/C++/Java cover at a highlevel)
Problem: For an equivalence relation:
1. Determineif two elements are equivaent (FIND), and
2. Allows merging (UNION) of equivalence classes.

Naive implementation - indicate subst for each element

1 2 3 4 5 6 7 8
1| 21| 2] 3] 4] 4] 3

Represents equivalence relation:
{1, 3} {2, 4} {5 8} {6, 7}
UNION takes O(n) time - can do much better!!!!

Galler-Fischer Representation - Use trees (in an array) with jug parent pointers

3 & & 8

Trade-off:
Increase in time to check equivalence (FIND)
VS.

Simplicity in merging (UNION) - redirect onerootto another, then apply heuristics to
reduce depth



UNION-BY-WEIGHT (Siz€)

Keep subtree sizein root If integer tables, then negative vauefor pointer indicates tha theroot@ size
(negaed) is stored.

0 1 2 3 4 5 6 7 8 9
1 -3 1 -2 3 7 7 -5 7 8

Theorem: For any nodex with height h(Ty) in union-by-weightand size §(Ty), Zh(TX) " oTx)-
Proof: By indudion
Single node(as initialized):
sTx) =1 andh(Tx)=0
s0,2MT) =20 g7,
Propeaty holdsbefore union and holds afterwards

Suppose T;, and Ty, are to be unioned. WOLOG, s(T;,)" s(Ty, ).

M) v (7)) and 2"(Tw) v (13,



Show that Zh(T) " T):

(T) _ ymax{+h(T)h(Tw) _ - a>§1+h(Tv),2h(Tw)%

&
(ma(2sT)s(Tw) 2"V (oT) and2"(W) ( g7,)
( max{(T).g(Tw)) Tv) ( Tw) ands(Ty) + Tw) = T)
( max((T).o(T))=oT)  s(Tw) ( T)

Corollary: h(T)" logS(T)

So, FINDs unde union-by-weighttake O(log n)

UNION-BY-RANK (haght)

Keep subtree rank (height) in root

© @ O 66
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Theorem: For any nodex with rank r(Ty) in union-by-rank and size §(Ty), Zr(TX) " oTx)
Proof: Very similar to union-by-weight
Corollary: r(T)" logqT)

So, FINDs unde union-by-rank take O(log n)



PATH COMPRESSION

Method1: Useindirectionwhilefollowingthepah for a FIND:
while (id[i]!=i)
i=idli]=id[id[i]];
return i;
(2
(2)
(® OO

FIND(7)

> — O ©

Method 2 (CLRS): After a FIND reaches a tree@ root, a second (backward) pass alongthe path makes
every nodepoint directly to theroot

®

5

Can easily combinewith union-by-weight or union-by-rank.
Undea union-by-rank, path compression causes each rank to bejud an uppe boundonthe heght

In addition, the amortized cog of FIND and UNION will be nearly congant (inverse of extremely fast-
growing fundion).



APPLICATIONS
1. Kruskal@ Minimum Spanning Tree
Sort edges in ascending order.
Place each vertex in its own set.
Process each edge{x, y} insorted order:
a=FIND(X)
b=FIND(Y)
ifal b
UNION(a,b)
Indude{x, y} inMST
2. Many paadld algorthms use similar ideas. (See booksby Ja Jaor Reif)
3. Connected components for undirected graphs

4. First-order unification/ logic programming/ tree matching (ACM Computing Surveys 21:1, March
1989 fig. 4)

5. Off-lineleast common ancestors (CLRS, p. 521 LCAoffline.c )
¥ Union-find structure maintains sub<ets of nodes that have been processed.
¥ Sepaate array (GanoestorQ maintainsthe dominant nodefor each subst.
¥ Processed by depth-first traversal (left to right)
¥ When going down to anode initiaize its subst.

¥ When going upto nodeX fromnodeY, unionfor X andY subsets,
make X dominant.

¥ Before goingupto nodeX fromnodeY, process any inputquey pair {Y , Z} where Z has
already been processed completely.
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6. Find pars of co-planar polygonsshaing an edgein 3-d convex hul (Spring 2005CSE 5392)

7. Maximum cardindity k-coloring of a set of intervals - a scheduling problem

M.C. Carlise and E.L. Lloyd, GDn thek-coloring of intervalsQ Discrete Applied Mathematics 59, 1995,
225235.



Sort intervals in ascending rightend ordering

Generate k + 1 dunmy intervals (0 indicates Gzould not colorQ
Determinethe (rightmod |eft-) adjacent interval for each interval
Initialize a union-find tree for each interval (smplified to linked lists here)
for each non-dummy interval i, accordingto the sorted order

j = Number of theinterval at theend of thelist for theinterval adjacenttoi (FIND)
if colorof jisO

Colori with 0
/['1f alater interval reachesi fromits adjacent interval, theni - 1 might lead to a back-up

Linkitoi-1(FIND & UNION)
else

Color i with color of j

/['1f alater interval reaches | fromits adjacent interval, then j - 1 might lead to a back-up
Linkjtoj-1(FIND & UNION)

3-coloring indance:
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May also use thefollowing color-stealing technique based on a maxHeap to track right endponts for
Current interval sO

Initially, there are no currentintervals and all k colors are avail abl e
for each endpoint in left-to-right order
if endpoint is [x
if there are fewer than k currentintervals
[x and its matching right endpoint y) becone a currentlnterval using
any avail abl e col or
else if the matching right end for [x is y), b) is the latest right endpoint
over all of the k currentintervals, and y < b
currentinterval [a, b) is rejected and [x, y) beconmes a currentlnterval by
stealing the color from[a, b)
el se
[x, y) is rejected
el se // processing some right endpoint vy)
if [x, y) is a currentlinterva
Change status to having one less currentlinterval (but [Xx, y) retains its
col or)
el se
y) is ignored (it was rejected earlier)



