CSE 5311 Notes 15: Sequences

(Last updated@/16/08 7:39 PM)

PATTERN-BASED PREPROCESSING
Simple Rescanning
Pattern- m symbols Text n symbols

0123
Example: Pattern: ABAC
Text: ABAB ABAC AB ABA CABA
0123
0
0123
0
0123

01
WorstCase:! (mn)
0123
Pattern: 0001
Text: 00000000001
0123
0123
0123
0123
0123
0123
0123
0123

Rabin-Karp Algorithm
Concept:
1. Compute signature of ath symbols of pattern. (Takidgm) time.)
2. Compute signature of eaamcontiguous symbols of text. (Takiogerall"(n) time.)

If function values for 1. and 2. are ever equal, then do sytmpe{/mbol test.



#include <stdio.h>
#include <string.h>

#define B 131
#define EOS 0
#define TRUE 1
#define FALSE 0

void search(pat,text)
char *pat,*text;

{
int hpat,htext,Bm,j,m;

if (pat[0]==EQS) return;
Bm=1;
hpat=htext=0;

for (m=0;text[m]!=EOS && pat[m]!'=EOS;m++)

Bm*=B,;
hpat=hpat*B+pat[m];
htext=htext*B+text[m];
printf("%c ", text[m));
if (pat[m+1]==EQOS)
printf("%d",htext);
else
printf(" \ n");

if (textim]==EOS && pat[m]!'=EOS) return;

for (j=m;TRUE;j++)

if (hpat==htext && strncmp(text+] - m,pat,m)==0)
printf('<<< \'n");
else
printf(" \ n");
if (text[j]J==EQS) return;
htext=htext*B -text]j - m]*Bm+text[j];
printf("%c %d ", text[j],htext);
}
}
main()

{
char pat[80],text[80],*pos,*work;

printf("Enter pattern & text \n") ;
while (scanf("%s %s",pat,text)l=EOF)

search(pat,text);
printf("Enter pattern & text \ n");



Knuth-Morris-Pratt Scan Technique
Takes Ofn + n) time
Uses two tables for matcher

Pattern
Fail links

Matcher properties

Never backs up in thext
May use fail links to back up in pattern

Pattern Fail 1 Fail 2

0 A -1 -1
1 A 0 -1
2 A 1 -1
3 A 2 -1
4 B 3 3
Text: AACAAAAABAAA Text: AACAAAAABAAA
States(1): 012012344 Stateq?2): 012012344
1 3 -1 3
0
-1
Pattern Fail 1 Fail 2
0 A -1 -1
1 A 0 -1
2 B 1 1
3 A 0 -1
4 A 1 -1
5 B 2 1
6 A 3 -1
7 A 4 -1
8 A 5 5
9 B 2 1
Text: AABAABAABAAABAABAAAB
States(1): 012345678678934 56789
5 2
Text: AABAABAABAAABAABAAAB
States(2): 01234567867890123452
5 1 1

-1



Knuth-Morris-Pratt Failure Link Construction

Falil link - seeks to reuse largest posstléixbeforepresent position that matcheprafix of

pattern.
Style 1: Choose maximum value of k with#k < j such that
for 0<i# k: pattern[k- i] == pattern][j- i]
Now set fail[j] = k
Style 2: Choose maximum value of k with#®k < j such that

pattern[k] != pattern[j], and
for 0<i# k: pattern[k- i] == pattern][j- i]
Now set fail[j] = k

Direct application of these definitions could tak@.rnB) time!
Either style fail link table maje constructed ih (m) time.
For style 1:
Suppose fail links 0 through j have already been set and fail[j] ==
If, in addition, pattern[j] == pattern[k] then
Set fail[j+1] = k+1
But, what if pattern[j] != pattern[k]?

Move k back to fail[k] and m@heck for pattern match

Ob -1 11b 6
la 0 12a 4
2b 0 13b 5
3b 1 14a 6
4al 15b 7
5b 2 16b 8
6a 3 17a 9
7b 2 18 b 10
8b 3 19a11l
9a 4 20b ?
10b 5



Ob
la
2b
3b
4 a
5b
6 a

For style 2:

Suppose fail links 0 through j have alreadgrmset and k is thequired maximum valuinat

was used when setting fail[j].
If, in addition, pattern[j] == pattern[k] then
If pattern[j+1] != pattern[k+1]
Set fail[j+1] = k+1
Else
Set fail[j+1] = fail[k+1]
But, what if pattern[j] != patteri]?

Move k back to fail[k] and recheck for pattern match

-1 7bh -1 14a 3
0 8b 1 15b -1
-1 9a 0 16b 1
1 10b -1 17a 0
0 11b 6 18b -1
-1 12a 0 19a1l
3 13b -1 20b ?
Fail 1 Pattern Fail 2 Fail 1 Pattern
A 0 A
A 1 B
B 2 A
A 3 A
A 4 B
B 5 A
A 6 B
A 7 A
A 8 A

(o8]
©
(o8]

10 A
11 A
12 B

Fail 2



KMP.c:

/* Determine all possible occurences of pattern string
string using KMP technique*/

#include <stdio.h>

#include <string.h>

#define MAXPATLEN 80
#define EOS 0

void preprocpatl(pat,next)

/* Produces slower failure links, but capable of continuing after
match */

char *pat;

int next[];

int ij;

i=0 ;

j=next[0]= -1;
do

{
i{f (== - lpat[i]==pat(i])

i++;
j*++;
next[i]=j;

else
j=next[j];
} while (pat[i]'=EOS);
printf("Fail link table 1 \n");
for (i=0;pat[i]'=EOS;i++)
printf("%d %c %d \ n",i,pat[i],next[i]);

void preprocpat2 (pat,next)

/* Produces faster failure links, but INcapable of continuing after
match */

char *pat;

int next[];

int ij;

i=0;

j=next[0]= -1;
do

{
i{f (== - 1lIpat[i]==pat(i])

i++;
j*++;
next[i]=(pat[j]==pat[i]) ? next[j] : j;

els e
j=next[j];
} while (pat[i]'=EOS);
printf("Fail link table 2 \n");
for (i=0;pat[i]'=EOS;i++)
printf("%d %c %d \ n",i,pat[i],next[i]);

void match(textl,pat)
char *text1,*pat;

{

int nextl[MAXPATLEN],next2[MAXPATLEN],ij;
char *text;

char printSymbol='

if (*pat==EQOS) return;
preprocpatl(pat,nextl);
preprocpat2(pat,next2);

printf("%s  \ n"textl);
text=textl;

in text



for (j=0; *text!I=EOS;)
if (==( - 1) || patj]== *text)
if (pat[j+1]==EOS)
printSymbol=""";
if (pat[j+1]==EOS && *(text+1)!=EO S)
j=nextl[j]; *restart*/
else
printf("%c",printSymbol);
printSymbol="";
text++;
j++;
}
}

else
j=next2[j];
printf(" \n");
}

main()
{
char pat[80],text[80];

printf("Enter text & pattern \n");
[*variable text is string 1, variable pat is string 2*/
while (scanf("%s %s",text,pat)!=EOF)

match(text,pat);
printf("Enter text & pattern \n");
}
}
KMP Complexity
m pattern symbols) text symbols
Matcher- every comparison is preceded by a movement obobeth pointers
Text pointer always moves forwasd " (n)
Pattern pointer

Moves forward once for each text symBol" (n)

Total number of backward moveme#tsotal number of forward movements
$ %(n) (could set up potential function based on pattern position)

Failure table construction
Lead pointe always moves forwarl " (m)
Prefix pointer
Moves forward once for each pattern symbol (m)

Total number of backward moveme#tsotal number of forward movements
$ %(m) (could set up potential function based on pattern position)

Overall:" (m+n)
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Aside: Worstcase number of comparisons (fail 2 links) when processing a text symbol is
bounded by 1 + 1.44 lgn.

Fibonacci strings may be used as difficult cases:
F1=0a0 Fo=ObO Fr=Fn1Fn-2
F3= ObaO

F,= ObabO

F5 = ObabbaO

Fg = ObabbathO

F7= ObabbababbabbaO

Other Applications

Is W constructed by repetition? i.e. W k Where X is thesmallestsuch string.

String length must be factorable, then use KMP (either method) and examine pointers at end.

Pattern Fail 2 Pattern Fal 2
0 0 -1 0 1 -1
1 0 -1 1 2 0
2 1 1 2 3 0
3 0 -1 3 4 0
4 0 -1 4 1 -1
5 2 2 5 2 0
6 0 -1 6 3 0
7 0 -1 7 4 0
8 1 1 8 1 -1
9 0 -1 9 2 0
10 0 -1
11 2 2

12 _ 10 _

1262 106 27

Are two strirgs (of same length) Ocircularly equalO?

1. Text = string2 || string 2
2. Pattern = stringl
3. Does pattern occur in text?



Aside: CLRS 32.4 Prefix Function
Use Pascal, not C, array conventions:

Pattern Fail 1Fail 2 &

el
RBoo~v~ouhrwNn R
VY OTHLTYWTL T
NRP~NOURAWNRRO
ONRPORrRORORO
RFOOURMWNROO

&li] = Fail1[i+1] - 1

GusfieldOs Z Algorithm (OFundamental String PreprocessingO)
Alternative to KMP
More straidntfoward to apply for new situations.

Instead of failure links, each position of string has the number of positions starting at that
point that match a prefix of entire string.

Trivial to construct in 0112) time, but can do in @f time.

Patten

ORrPrORFrRrROORrOoO

z
8
0
1
3
0
3
0
1

~N~No o h~hWNEO



Applications:

String search: <pattern><text>
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Any symbol in <text> with a Z value |<pattern>| gives a match.

Circularly equal: <stringl><string2><string2> (|<string1X¥|<string2>|)

Any symbol in first copy of <string2> with a Z valug<string2>| verifies.

Two aspects to Zable construction:

1. Scanning against prefix.

2. Testing whether more scanning is needed or prefix Z value can be used (OZ boxO).

91011121314151617181920
bcababcababc

2122 23 24 25 26 27 28 29 30 31 32 33
0100101001001

6171819 20
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void fundamental()
int fillPosition,scanPosition,countdown,prefixPosition;

sLength=strlen(S);

if (sLength==0)
return;

Z[0]=sLength;

/IBefore EOS scanned
countdown=0;
fillPosition=scanPosition=1;
while (scanPosition<sLength)
if (countdown==0 || Z[prefixPosition]>=countdown)

while (S[scanPosition]==S[countdown])

scanPosition++;
countdown++;

Z[fillPosition++]=countdown;
if (countdown==0)

scanPosition=fillPosition;
else

countdown -
prefixPosition=1;

}
}

else
Z[fillPosition++]=Z[prefixPosition++];

countdown -

}

[Iprintf("Entering second phase with fillPosition=%d \ n" fillPosition);

/IAfter EOS scanned
while (fillPosition<sLength)
Z[fillPosition++]=min(countdown -- Z[prefixPosition++]);

SUFFIX ARRAYS. TEXT-BASED PREPROCESSING

Concept: Preprocess text and handle different patterns.

Simpler than other structures, such as suffix trees.

Sort array $a) of pointers/subscripts based on corresponding suffixes of a text.
234
cda bc \O
sall 84095110627 3

(S.J. Puglisi, OA Taxonomy of Suffix Array Construction Algorithn#’sCGyl Computing Surveyas (2),
June 2007.)
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Key-comparison sorts can construcf'i@hzlog nf time (expected fogsort ):

ints uffixCompare(const void *xVoidPt,const void *yVoidPt)
{

/' Used in gsort call to generate suffix array.

int *xPt=(int*) xVVoidPt,*yPt=(int*) yVoidPt;

return strcemp(&s[*xPt],&s[*yPt)]);
}

for (i=0;i<n;i++)
salil=i;
gsort(sa,n,sizeof(int),suffixCompare);

Therank of a suffix is its position in the suffix array (i.e. these are inveesddsa[i]]==i ).
Thelongest common preficp[i] ) is the number of prefix matches &afi - 1] andsali]

Thelcp array may be constructed 'Ir(n) timeand accelerates binary searchesarsing the
observation thdtp[rank]i]]>=lcp[rank]i -1]] -1. (seeL.CPdemo.c)

I sa suffix Icp s rank Icp[rank]

0 11 -lal3 7
1 8 abc O b6 6

2 4 abcdabc 3 c9 5
3 0 abcdabcdabc 7 d 11 4

4 9 bc 0 a2 3

5 5 bcdabc 2 b5 2

6 1 bcdabcdabc 6 ¢ 8 1

7 10 c 0 di10 O

8 6 cdabc 1 al O

9 2 cdabcdabc 5 b4 O
10 7 dabc 0c7 O

11 3 dabcdabc 4 O -1

Original construction uses(logn) counting/radix sorts each takitign) time to achieve' (nlogn)
time.

(U. Manber ad E. Myers, OSuffix Arrays: A New Method for-Dime String SearchesSIAM Journal
on Computing22, 5 (1993), 93948.)

(J. KSrkkSinen et.al., OLinear Work Suffix Array Constructibr®@CM53, 6 (Nov. 2006), 91936
uses radix sort to achieve lineemé overall).



radixsort i=1 POS MSD LSD - after radix sort
POS MSD LSD - start of pass 11 1 0
0 abcdabcdabc 98 99 0 abcdabcdabc 98 99
1 bcdabcdabc 99 100 4 abcdabc 98 99
2 cdabcdabc 100 101 8 abc 98 99
3 dabcdabc 101 98 1 bcdabcdabc 99 100
4 abcdabc 98 99 5 bcdabc 99 100
5 bcdabc 99 100 9 bc 99 100
6 cdabc 100 101 10c 100 1
7 dabc 101 98 2 cdabcdabc 100 101
8 abc 98 99 6 cdabc 100 101
9 bc 99 100 3 dabcdabc 101 98
10c 100 1 7 dabc 101 98
11 1 0 6 buckets
POS MSD LSD - after renumbering radixsort i=2
11 0 POS MSD LSD - start of pass
0 abcdabcdabc 1 0 abcda bcdabc 1 4
4 abcdabc 1 1 bcdabcdabe 2 5
8 abc 1 2 cdabcdabc 4 1
1 bcdabcdabe 2 3 dabcdabc 5 2
5 bcdabc 2 4 abcdabc 1 4
9 bc 2 5 bcdabc 2 5
10c 3 6 cdabc 4 1
2 cdabcdabc 4 7 dabc 5 2
6 cdabc 4 8 abc 1 3
3 dabcdabc 5 9 bc 2 0
7 dabc 5 10c 3 0
11 0 0
POS MSD LSD - after radix sort POS MSD LSD - after renumbering
11 0 0 11 0
8 abc 1 3 8 abc 1
0 abcdabcdabc 1 4 0 abcdabcdabc 2
4 abcdabc 1 4 4 abcdabc 2
9 bc 2 0 9 bc 3
1 bcdabcdabc 2 5 1 bcdabcdabc 4
5 bcdabc 2 5 5 bcdabc 4
10c 3 0 10c 5
2 cdabcdabc 4 1 2 cdabcdabc 6
6 cdabc 4 1 6 cdabc 6
3 dabcdabc 5 2 3 dabcdabc 7
7 dabc 5 2 7 dabc 7
8 buck ets
radixsort i=4 POS MSD LSD - after radix sort
POS MSD LSD - start of pass 11 0 0
0 abcdabcdabc 2 2 8 abc 10
1 bcdabcdabc 4 4 4 abcdabc 2 1
2 cdabcdabc 6 6 0 abcdabcdabc 2 2
3da bcdabc 7 7 9 bc 3 0
4 abcdabc 2 1 5 bcdabc 4 3
5 bcdabc 4 3 1 bcdabcdabc 4 4
6 cdabc 6 5 10c 5 0
7 dabc 7 0 6 cdabc 6 5
8 abc 10 2 cdabcdabc 6 6
9 bc 3 0 7 dabc 7 0
10c 5 0 3 dabcdabc 7 7
11 00 12 buckets
POS MSD LSD - after renumbering
11 0
8ab ¢ 1
4 abcdabc 2
0 abcdabcdabc 3
9 bc 4
5 bcdabc 5
1 bcdabcdabe 6
10c 7
6 cdabc 8
2 cdabcdabc 9
7 dabc 10

3 dabcdabc 11

13



LONGESTCOMMON SUBSEQUENCES
Dynamic Programmingreview

Has important applications in genetics research.

01l a23bd4dcb5de6

osud

1. Describe problem input.
Two sequences:
X= X1 X5 K Xm
Y=Y1YoK Yy
2. Determine cost function and base case.
C(i, j) = length of LCS forxlsz X and ylyZK yj
C(i,j))=0ifi=0o0rj=0
3. Determine general case.
SupposeC(i,j) has
X1X2K Xi"lA ylyZK yj"lA
Since xj =yj, C(i,j)=C(i"1j" 1) +1

Now supposex; " Yj:

X1X2K Xi"lA y1y2K yj"lB
But OBO may appeaxiyx, K X..., or OAO may appeayify , K Y
C(i,j) =ma{C(i,j " 9.C(i" Lj)} if x #yj
4. Appropriate ordering of subproblems.

Before computingC(i, j), must haveC(i" 1,j " 1), C(i,j " 1), andC(i " 1 j) available.

Use m+ 1)( (n+ 1) matrix to stor€ values.

14
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5. Backtrace for solutio®either explictly save indication of which of the three cases wetb us
or recheclC values.

Takes! (mn) time.

Example:

010101

001100

LCS is 0100, length==4
001100
00000O0O

00111111

10112222

00122233

10123333

0012334414

10 123444

Compact Version of Dynamic Programming

O(mn) space inotrequired. Ofh + n) spacds attainableby using a recursive algorithm.

Increasin: Y >
m < - Increasin

1. Use the usual NW to SE\() cost computation to get increasingHftright cost row for
LCS ofthe firstm/2 elements of the first sequence and the entire second sequence.

2. Perform symmetric (SE to NW‘,\) cost computation for LCS of the laat2 elements of
the first sequence and the entire second sequence.
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3. Scan across the two seams fordregonal pair (U,L) with the maximum sum. This sum is
the length of the LCS.

4. Scan leftto-right across the upper seam for the leftmost entry UO with the U value- If non
zero, this gives an element for the LCS output array.

5. Scan rightto-left acress the lower seam for the rightmost entry LO with the L value. -If non
zero, this gives an element for the LCS output array.

6. The UO and LO entries correspond to elements in the second sequence. Two simple scans
be used to find the correspondingraents of the first sequence.

7. Call recursively for each of the two subproblems. (Small subproblems maymgegpéace
version.)

Still runs in OMn) time:

T(m,n):T(m a)+T(m n" a)+mn

2’ 2’
AssumeT (k#ki# $ ck##for ki< m andk#< n
()/ n
T(mn)$c ta, M£+ mn=cM+ mn=cmn" ¢ M+ mn$ cmnif ¢ +2
g2 2 ) 2 2

ABCDABCD

000000O0O0O

AO1 1111111

AO0O11112222

B012222333

B012222333

333222210

333222210

222211110

o O O O

111111110

00 00000O0O
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Four RussiansO Method and LCS (aside)

When the LCS involves a small alphabet, the following properties allow KronrodOs technique to
be applied:

1. Going across a row of thi@" n) LCS matrix,C(i,j " ) # C(i,j) #C(i,j " 1) +1.
2. Going down a column of the LCS matri@(i" 1,j)#C(i,j) #C(i" 1,j) +1.
(3. Going down a diagonal of the LCS matrx(i" 1,j " ) # C(i,j) #C(i" 1j" 1) +1.)

A t" t template is used to a) preprocess for all possible situations and b) tile the L&S matr

Yi o - Y

00 0000 0O0000O0O0O

0

0

0

0 01 -0~(
Xi |0 0
[0 % }
[ I I | O -
Xi+t-1o 04_74

0

0

0

0

0 = value same as predecessor 1 = value is one more than predecessor

X; = position in first sequence yj = position in second sequence

? = offset values supplied by preprocessing

# 28
H —_n H1] n
Typically, r =" (logn) and runs i gogn-('
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LONGESTINCREASING SUBSEQUENCE
Equivalent to LCS:
Monotone:  Sort input sequence A to obtain sequence AO in ascending order.
Compute LCS of A and AQ.
Strict (LSIS): Remove duplicates from AO before computing LCS.
Dynamic Programming:

Concept: For each possible subsequence length, determine the smallest possible last
element.

Algorithm:  Process A lefto-right.
Maintain table of current smallest elements for the subsequence lengths.
This table is notdecreasing.
Each element iprocessed by a binary search and then linking to predecessor.
Monotone: Find last table eleméhturrent sequence element.

Strict: Similar, but current sequence element is ignored if already in table.

Monotone: 01234567829
3211233212
Strict: 01234567829
3211233212
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SPARSELCS USING LSIS
Suppose an LCS for the following sequences is desired:
01234567
sequencel: ABCDABZC D

sequence2: AABBCCDD

1. Replace each occurence of a symbol in sequence 1 by the positions of that symbol in sequence 2, t
in descendingrder.

A B C D A B C D
1 0325476 1

IN
(6
[
~
|

03

2. Solve LSIS using dynamic programming.

Output gives positions in sequence 2 for LCS elemeht®s B C D

Takes time in Q(log r) wherer is the length of the constructed LSIS instance.



