
CSE 5311 Notes 16:  Matrices 
 

(Last updated 7/7/08 7:33 PM) 
 
STRASSENÕS MATRIX MULTIPLICATION 
 
Matrix addition: 
 

  

m

n

m

n

m

n

¥ ¥ ¥

 
 
  takes mn scalar additions. 
 
Everyday matrix multiply: 
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  takes mnp scalar multiplies and m(n-1)p scalar additions. 
 
Let m = n = p. 
 

Best lower bound is ! (n2
). 

 
For n = 2: 
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is done by everyday method using: 
 
  8 scalar multiplies 
 
  4 scalar additions 
 
but StrassenÕs method (CLRS, p.735) uses: 
 
  7 scalar multiplies 
 
  18 scalar additions 
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When 

!  

n = 2k:  Aij and Bij are 

!  

2k"1# 2k"1 submatrices that are multiplied recursively using StrassenÕs 
method. 

 
Suppose n = 4. 
 

Everyday method will take 4
3
 = 64 scalar multiplies and 16¥3 = 48 scalar additions. 

 
StrassenÕs method will use: 
 
 7 recursive 

!  

2" 2 matrix multiplies, each using 7 scalar multiplies and 18 scalar additions. 
 
 18 

!  

2 " 2 matrix additions, each using 4 scalar additions. 
 
 This gives 49 scalar multiplies and 198 scalar additions. 

 

Let M(k) = number of scalar multiplies for 

!  

2k " 2k = n " n: 
 

 

!  

M 0( ) =1

M 1( ) = 7

M k( ) = 7M k " 1( ) = 7k = 7lgn = nlg7 # n2.81   Note that the constant is 1.

 

 

Let P(k) be the number of additions (including subtractions) done for 

!  

2
k " 2k = n " n: 
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Master Method:

a = 7  b = 2  logb a = lg7 * 2.81  f n( ) = 9
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KRONRODÕS ALGORITHM FOR BINARY MATRIX MULTIPLICATION (AKA Four RussiansÕ Method) 
 
Binary version substitutes "  for ¥ and # for + in numerical version. 
 
Since t bits can be packed into a byte, word, etc., a speed-up may be obtained. 
 
Let t = 8 and suppose n = 256 for multiplying together 

!  

n " n  matrices A and B: 
 
  uns i gned char  A[ 256] [ 32] , B[ 256] [ 32] , C[ 256] [ 32] ;  
 
where an unpacked matrix can be packed with: 
 

/ /  Conver t s  col umn bi t  subscr i pt  t o subscr i pt  f or  uns i gned char  
#def i ne SUB2CHAR( sub)  ( ( sub) / 8)  
/ /  Det er mi nes bi t  pos i t i on wi t hi n uns i gned char  f or  col umn bi t  subscr i pt  
#def i ne SUB2BI T( sub)  ( ( sub) %8)  
/ /  Get s 0/ 1 val ue f or  a col umn bi t  subscr i pt  
#def i ne GETBI T( ar r , r ow, col )  ( ( ar r [ r ow] [ SUB2CHAR( col ) ] >>SUB2BI T( col ) ) &1)  
/ /  Set s  bi t  t o 1 
#def i ne SETBI T( ar r , r ow, col )  \  
 ( ar r [ r ow] [ SUB2CHAR( col ) ] =ar r [ r ow] [ SUB2CHAR( col ) ] | ( 1<<SUB2BI T( col ) ) )  
/ /  Cl ear s bi t  t o 0 
#def i ne CLEARBI T( ar r , r ow, col )  \  
  ( ar r [ r ow] [ SUB2CHAR( col ) ] =ar r [ r ow] [ SUB2CHAR( col ) ] &( 255- ( 1<<SUB2BI T( col ) ) ) )  
 
f or  ( i =0;  i <n;  i ++)  
  f or  ( j =0;  j <n;  j ++)  
    i f  ( Aunpacked[ i ] [ j ] )  
      SETBI T( A, i , j ) ;  
    el se 
      CLEARBI T( A, i , j ) ;  

 
Row-oriented binary matrix multiplication is: 
 

1. Find positions with ones in row i  of A. 
 
2. Row i  of C is the result of orÕing together the rows of B corresponding to the positions from 

1. 
 

f or  ( i =0;  i <n;  i ++)  
{  
  f or  ( j =0;  j <n/ t ;  j ++)        / /  Cl ear  out put  r ow i  
    C[ i ] [ j ] =0;  
  f or  ( j =0;  j <n/ t ;  j ++)  
    f or  ( k=0;  k<t ;  k++)  
      i f  ( ( A[ i ] [ j ] >>k)  & 1)    / /  Exami ne r ow i ,  bi t  # t * j +k 
        f or  ( p=0;  p<n/ t ;  p++)  / /  Set  cor r espondi ng bi t s  
          C[ i ] [ p] =C[ i ] [ p]  |  B[ t * j +k] [ p] ;  
}  

 

  Time is 
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= 2,097,152 byte orÕs). 
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KronrodÕs technique: 
 

1. 

!  

n
t

 groups of t consecutive B rows (group i  is rows t * i  . . . t * i +t - 1). 

 

2.  Each group (subset ) is preprocessed by orÕing together all 

!  

2
t  possible combinations of the t 

rows (using 

!  

2
t n

t
 extra space for subset ). 

 

 Each of rows 0 . . . 

! 

2 j
"1 are orÕed with row t * i +j  of B to obtain rows 

!  

2 j  . . . 

!  

2 j+1" 1, 
respectively. 

 
3. These results are then referenced by going down the corresponding column of A using the t 

(packed) bits as a subscript to the extra table of orÕed combinations. 
 
Thus, much of the effort for row orÕing is transfered to the preprocessing: 
 

uns i gned char  subset [ 256] [ 32] ;  
 
/ /  I ni t i al i ze out put  mat r i x  
f or  ( i =0;  i <n;  i ++)  
  f or  ( j =0;  j <n/ t ;  j ++)  
    C[ i ] [ j ] =0;  
 
/ /  I ni t i al i ze empt y subset  -  same f or  each gr oup 
f or  ( i =0;  i <n/ t ;  i ++)  
  subset [ 0] [ i ] =0;  
/ /  Ther e ar e n/ t  gr oups of  t  r ows i n B 
f or  ( i =0;  i <n/ t ;  i ++)  
{  
  r angeSt ar t =1;  
  / /  I nc l ude each r ow t o achi eve combi nat i ons OR' ed t oget her  
  f or  ( j =0;  j <t ;  j ++)  
  {  
    f or  ( k=r angeSt ar t ;  k<2* r angeSt ar t ;  k++)  
      f or  ( q=0;  q<n/ t ;  q++)  
        / /  OR t he subset  wi t hout  r ow j  of  t hi s  gr oup wi t h r ow j  
        / /  of  t hi s  gr oup.   Fi r s t  r ow of  gr oup i s  B[ t * i ] .  
        subset [ k ] [ q] =subset [ k- r angeSt ar t ] [ q]  |  B[ t * i +j ] [ q] ;  
    r angeSt ar t * =2;  
  }  
 
  / /  Updat e r esul t  r ows based on t hi s  gr oup of  t  B r ows 
  f or  ( j =0;  j <n;  j ++)  
    f or  ( q=0;  q<n/ t ;  q++)  
      C[ j ] [ q] =C[ j ] [ q]  |  subset [ A[ j ] [ i ] ] [ q] ;  
}  
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  If 
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t = lgn, row-oriented gives 
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