CSE 5311Notes 17: Computational Geometry
(Last updaed 7/10/07 8:02 PM)

FUNDAMENTAL PREDICATES

Seehttp://ww. cs. cru. edu/ ~quake/ robust . ht M for more details.

Twice the (signal) area of atriangle A(T) is given by:
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If postive, then points a, b, and ¢ make aleft turn (counier-clockwise).
If negative, then points a, b, and ¢ make arighttum (clockwise).

If zero, then points a, b, and ¢ are collinear.

Relationship of a point a to counter-clockwise circle of pointsb, ¢, andd? (Based on tetrahedral
volume.)
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Zero: on circle

PROXIMITY

Closest pointsin 1-d space (1dclosest.c )
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1. Find median of point set.
2. Recursively determineclosest par onleft sdeandrightside

3. Check whether rightmod in left sideand leftmog in rightsideare a closer par than 2.

Worst-case: " (nlogn)



Closest pointsin 2-d space (2dclosest.c )

Brute-force: " zhzf

Divide-and-conque:
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1. Draw vertical lineto divideinto equd-size subts.

2. Recursively find closest par for left andrightsides. Let § bethesmaller of thetwo
distances.

3. Findclosest par amongpaints within § of thedividingline
Since the point set isnotrandom details mug assure tha " zhzf behavior is avoided.

Base Case: If n< 3 (or some other condant), use brute-force.
To suppot the QlividesOand the seam processing, the set of pointsis preprocessed:
1. Create array with points sorted by x-coordinate.

2. Create secondarray with points sorted by y-coordinate. Also indudecross-referencesto x-
ordered array.

When a QlivideOby a vertical lineis needed, thefirst array istrivial to split and the second array
is split by usng the cross-references.

They-ordeed array facilitates finding the closest pair across the seam.



For agiven left-side seam point, the distances to at mog six right-side seam points are needed.

T(n) =27(1) +©(n) = ©(nlogn)

CONVEX HULLS
Determine smallest convex polygontha indudes al pointsin a 2-d set.

Graham scan - Based on angular sweep w.r.t. the (leftmog) bottom point X and maintaining stack with
convex hull.

1. FindX.

2. Sort by anglew.r.t. X. Comparisonsby testing QurnsOand breaking collinear cases by
taking farthest point first.

3. Push X andfirst two sweep points.
4. for each point Pin sorted order
while top-of-stack, next-to-top-of-stack, and P do not make a left turn
Discard top-of-stack (it@ notin convex hull)

Push P



Jarvis march (rubbebanding or gift-wrapping)
Runsin " (nh) where histhe number of hull points

Goodfor cases like:
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Sameinitia point X as Graham scan.
Also need (leftmog) top point Y.

Each successive hull point is foundby finding minimum angle WRT two previouspoints.

Convex hull may beused to find the diameter of aset using " (h) additiond time.



SWEEP-LINE ALGORITHMS

Simple example: Intersection of rectilinear rectangles

ldear Sweep avertical linefrom left-to-right and store vertical cross-section (sweep-line status).
Preprocessing: Sort left and right edges by x-coordinae (event-point schedule).
Algorithm: Sweep across x dimenson
Left edge Check forintersection. Insert ininterval tree (CLRS, 14.3)
Rightedge Deletefrominterval tree
Runsin " (nlogn+nlogm) =" (nlogn) (mismax rectsin tree)
Difficulty: Wha if two rectangles QouchC? Treat as intersecting or not by howties are handled.
More significant example: 2-d closest pars

ldea: Inaementally determined for theleftmod k points. Maintain y-ordered BST of points
whos x-distance from pointk + 1is< 9.

Preprocessing: Sort points by x-coordinae.
Processing pointk + 1.:
1. Delete BST pointstha are at least  to theleft of pointk + 1.
2. Insert pointk + 1 into BST.
3. Examine BST predecessors of pointk + 1 until § away iny. Check for improving 6.

4. Like 3., butwith BST successors.
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Time: " (nlogn)

Reference: K. Hinrichs J. Nievergdt, and P. Schom, (Plane-Sweep Solves the Closest Pair
Problem ElegantlyQ Information Processing Letters 26 (1988) 255261

EuCLIDEAN MINIMUM SPANNING TREES

Voronoi Diagram - pog office problem. Divides planeinto convex regions each containing points
closest to some given point (bluelines).

Fortune3 Sweep-Lineachieves ©(nlogn) - applet
Delaunay Triangulation

Connects vertices for adjacent VVoronoiregions(black lines between inputpoints).

May trandorm an arbitrary triangulationtoaDT in " %Zf time udng flipsbased onindrcle test

and thefollowing propety:

Three points are vertices of a Delaunaytriangle iff the circle that passes throughthethree points
is empty.






